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1 Introduction

Fractional calculus is a branch of mathematics that has acquired great importance today, since
it allows the study of various problems in different areas of science, by using derivation and
integration of non-integer order; as occurs in differential equations (Yusubov | 2020; [Manafian
& Allahverdiyeral, [2021)); viscoelasticity (Bagley & Torvikl 2083} Koeller} [1984} [Yajima & Na-
gahamal, [2010; [Atanackovic & Stankovic, [2002; Beyer & Kempfle| [1995), medicine (Dokuyucul
et all [2018} [Veeresha et all, [2019), dynamic systems |Grigorenko & Grigorenko| (2003); [Yajima
& Nagahama (2018), mechanics [Drapaca & Sivaloganathan| (2012)), hydrodynamics Balankin &
[Elizarrataz (2012)), etc.

Currently there are many definitions of fractional derivative, such as the Riemann-Liouville
fractional derivative, Caputo, Marchand, Hadamard, etc. .

In geometry, fractional calculus is also used in the study of the geometric properties of
curves (Aydin et al., 2021} |Gozutok et all 2019; [Yajima et al., [2018; |Aydin et al., |2021), sur-
faces (Lazopoulos & Lazopoulos, [2016; [Yajima & Yamasaki, 2012)), and Riemannian manifolds
(Cottrill-Shepherd& Naber, 2001} |Jumarie, 2013; |Calcagni, 2012)).

Caputo’s fractional derivative, Caputo| (1967), in geometry is also used, since the fractional
derivative of the constant function is zero.

In Yajima et al| (2018), was forced to make a simplification of the fractional derivative of
the composite function; since the formula for the fractional derivative of the composite function
involves a series, which made it difficult to apply fractional calculus to the study of geometry.
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Using the fractional derivative of Caputo, in this paper a new definition of Fractional Cur-
vature of plane curves is given, different from the approach of [Yajima et al.| (2018)), which makes
use of integration for its calculation (58), which does not occur with the new fractional curvature.

The goal of our research is to show that our fractional curvature belongs to the intrinsic ge-
ometry of the curve; since it is invariant under isometries. Furthermore, 1-dimensional Euclidean
spaces are characterized as those spaces whose fractional curvature is zero at all points.

This paper is organized as follows: in section 2 results on differential geometry of curves (Do
Carmo), 1976} [Tenenblat), 2008)), and fractional Caputo derivative |Caputo| (1967) are given. In
section 3, fractional curvature is defined and the theory is developed. Examples in mathematics
and physics are given in section 4.

2 Preliminaries

Definition 1. (Tenenblat, |2008). A parameterized curve differentiable in R™ is a mapping
a: I C R — R” differentiable of class C*°, on an open interval I C R. The variable t is called
a parameter, and the subset of R™ formed by the points a(t), is called the trace of the curve.

Definition 2. (Tenenblat, 2008). Let o : I C R — R" a differentiable parameterized curve.
The vector

O/(t) = (xll(t)’xé(t)a cee 7$;z(t)) ’

1s called the Tangent Vector of o at t.
The curve a(t) is called Regular if

a(t)#£0, Vtel.

Furthermore, if « is a regular curve, it can be reparametrized by the arc length parameter

s, where
s=s(t)= [ [la/(r)|dr. (1)

to

If « is parameterized by arc length, then [|o/(s)|| =1, VseI.

2.1 Plane curves

Let a : I C R — R? be a regular curve parametrized by arc length. The Frenet-Serret frame of
the plane curve a(s) = (z(s),y(s)) is given by the orthonormal basis {t(s),n(s)},Vs € I, where

t(s) = o(s)=(a'(s),9/(5)), (2)
n(s) = (-y'(s),2'(s)). 3)

t'(s) = k(s)n(s), (4)
n'(s) = —k(s)t(s). (5)

by
k(s) = (t'(s),n(s)), Vsel. (6)
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2.2 Caputo Fractional Derivative

Let f: [a,b] — R be a function of class C*([a,b]). The Caputo Fractional Derivative of order A
is defined by (Bonilla, [2003; |Caputol, |1967)

DO = gy | Gl @ 7)

where A € R, 0 < A < 1, and I'" is Euler’s gamma function.
In this paper we will use the Caputo fractional derivative. Furthermore, our analysis is based
on this property

lim DM(t)=f'(t), Vtelab] (8)

Therefore, for A close to 1, the properties of the integer derivative can be approximated by the
Caputo’s fractional derivative.

3 Fractional Curvature

In this section we give a new definition of the fractional curvature that differs from the approach
given by [Yajima et al.| (2018).

Definition 3. Let a : [a,b] — R? be a reqular curve parametrized by arc length s. The Fractional
Derivative vector of order \ of « at s, is given by

D a(s) = (CD’\x(s),CD’\y(s)) : 9)
In the Frenet-Serret frame, we have:
°D*a(s) = a(s)t(s) + b (s)n(s), Vs € [a, b]. (10)

Definition 4. Let o : [a,b] — R? be a reqular curve parametrized by arc length, D a(s) the
fractional derivative vector of order A. The Fractional Curvature of order A , 0 < XA < 1, of the
curve o at point s, is given by

k(s) = a*(s)k(s) + % (b’\(s)) , Vs € [a,b], (11)

where k(s) is the integer curvature of a at point s.

Theorem 1. Let a : [a,b] — R? be a regular curve parametrized by arc length. Then

. d c A _ A
Projuig - (DYals)) = k\s)ns), (12)
d d
A _ . Y (epA — (2 (epA
) = (Projug 5 (“Dals)) n(s) = (5 (“Das)) n(s). (13)
Proof. Finding the integer derivative in ([10]), we have

d% (‘Dats)) = di (X(5)) t(5) + @ ()¢ (5) + di (8()) nls) + D2 )'(s).  (19)

Substituting and into , we obtain

is (‘Dals)) = <js (X)) - b’\(s)k(s)> Hs) + (a’\(s)k(s) + % (b’\(s))> n(s).  (15)
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Then, the orthogonal projection is given by

Projn(s)% (CD)‘a(s)> = kMs)n(s),

K \(s) = <ijn(s)% (‘D a(s))  n(s).

O
From , we define the function &* by
B (s) = % (ak(s)) — V(s)k(s), Vs € [a,b]. (16)
Theorem 2. Let o : [a,b] C R — R? be a regular curve parametrized by arc length. Then
limat(s) = 1, Vsé& a,b], (17)
A—1
lim b*(s) = 0, Vsé€ [a,b). (18)
A—1
Proof. By , we have
lim “D*a(s) = o'(s) = t(s), Vs € [a,b],
A—1
and by we obtain the result. O
Theorem 3. Let o : [a,b] C R — R? be a regular curve parameterized by arc length, Then
ar(s) = a'(s)°D a(s) +y'(s)°DMy(s), (19)
W(s) = a'(s)°D y(s) —y/(s)°D a(s). (20)
Proof. By @ and , we get
°Dra(s) = (CD)‘x(s), CD>‘y(s)) = a(s)t(s) + b (s)n(s)
= a’s) (2(), 4/ () +M(5) (=¥ (s), 2'(s))
= (A ©)02/(s) = B3y (), aM )y (5) + D ()2 (5))
We obtain the system of equations:
z'(s)ar(s) —y'(s)bM(s) = D a(s)
/ A / A cPA (21)
y'(s)a™(s) +a'(s)b?(s) = “D7y(s)
Furthermore, the determinant of system is non-zero:
2(s) —y/(s)] _
s 2(s) |~ 1, Vsé€la,b].
By the Cramer’s rule the result follows. O
Theorem 4. Let o : [a,b] C R — R? be a reqular curve parameterized by arc length. Then
lim kM (s) = k(s), Vs € [a,b]. (22)

A—1
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Proof. By we have:

and by and , we have

lim EAs) = /l\i_}mla)‘(s)k(s) js (}l\l_)ml b (s )) =k(s), Vs€][a,b].

This completes the proof. ]

Theorem 5. Let a : [a,b] C R — R? be a curve parametrized by arc length. Then

W) = 2/(5) 5 ("DM(s) — o/ (5) 5 (*Da(s)). (23)

Proof. By @, we have
% (CD’\a(s)) = <c§i (CD/\x(s)> ,% (CD)‘y(s)>> .
And by :
P = 4 (Da) ) = (5 (D) (546D ).

Therefore: k*(s) = 2/(s)& (°D*y(s)) — ¢/ (s) & (D x(s)) . O

Theorem 6. Let o : [a,b] C R — R? be a regular curve parameterized by arc length. Then

A Aa)?
‘ CD H (k (s)) . Vs € [a,b]. (24)
Proof. By considering , and , we obtain the equality . O

Theorem 7. Let o : [a,b] C R — R? be a regular curve parameterized by arc length. Then
_ d 2
2 (a)‘(s)sz(s) + b)‘(s)k)‘(s)) = — CD’\a(s)H . (25)
ds
Proof. We multiply by b*(s) and (16 by a*(s) and adding the equalities, we obtain:
d d
Aoy @ (A Ay @ (i
()45 (X)) +PG) g, (#6)

53<<ak<s>>2+<ws>>2>
v

< D o H ) ( $)E (s )—i—b)‘(s)k)‘(s)).

This completes the proof. ]

a M (s)EN(s) + b (s)kM(s) =

Therefore

Theorem 8. Let o : [a,b] C R — R? be a reqular curve parameterized by arc length. Then,
there are functions f : [a,b] CR — R and g : [a,b] C R — R, such that

f(s)lj:/\(s) = k(s), Vs € [a, b], (26)
g(s)k M s) = —k(s), Vs € [a, b]. (27)
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Proof. By , we have

4 (D*a(s)) = FA()t(s) + K (s)n(s), Vs € [a.b].
ds
Then:
- d cA : /
Projins) o ( D a(s)) is parallel to t'(s), Vs € [a,b],
kA (s)n(s) is parallel to t'(s) = k(s)n(s), Vs € [a, D).
Then, there is a function f : [a,b] C R — R such that:
f(s)kMs) = k(s), Vs € [a,b].

Analogously, we have
Projug % (-p* is parallel to n/(s), v b
Jees) \ 7 a(s)) | is parallel to n'(s), Vs € [a,b],

kA (s)t(s) is parallel to n'(s) = —k(s)t(s), Vs € [a,D].
Then, there is a function g : [a,b] C R — R such that
g(s)k*(s) = —k(s), Vs € [a,b].
This completes the proof. ]

Corollary 1. Let a : [a,b] C R — R? be a regular curve parameterized by arc length. Then,
there are functions f, g : [a,b] C R — R2, such that

Ks) = 5 (F5)R(6) — 9B (), Vs € [a,b], (28)
F()EN(s) + g(s)kMs) =0, Vs € [a, D). (29)
Proof. By considering and , we prove the result. O

The next theorem gives a characterization of 1-dimensional Fuclidean spaces, through the
fractional curvature.

Theorem 9. Let o : [a,b] C R — R? be a regular curve parameterized by arc length. Then
K s)=0 if and only if k(s)=0, Vs€la,b], YAe<0,1>. (30)
Proof. Suppose that k*(s) =0, Vs € [a,b], VA€<O0,1>, then by we have
k(s) = f(s)k™Ms) =0, Vs € [a,b).
Conversely, suppose that k(s) = 0,Vs € [a,b]. Then, by the Frenet-Serret equation , we have
a(s) = (zo + sv1, 4o + sv2) = (2(5),4(s)) v =(v1,02) €R?, o] = 1.

The coordinate functions are: x(s) = xg + sv1, y(s) = yo + sva.
Finding the integer derivative of the functions, we get

7'(s) = vy, y'(s) =ve, Vs € la,bl. (31)
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We find the Caputo derivative

| RS R g1-A
cp -2 D =2 . )
Using the equalities and , we find a¢* and b :
Sl—)\
aM(s) = a'(s)°D a(s) +y/(s)° D y(s) = NCESYE Vs € [a, ], (33)
W(s) = 2'(s)°D y(s) — 9/ (s)°D x(s) =0, Vs € [a,b). (34)
Substituting and into , we obtain k*(s) = 0,Vs € [a,b], A €< 0,1 >. O

Theorem 10. Let « : [a,b] C R — R? be a regular curve parameterized by arc length, let
F:R? - R? an isometry and = Foa: [a,b] CR — R2. Then

DB(s) = dFag ("D als)), (35)

k3(s) = hals), (36)

where kM(s) and k:[’}(s) are the fractional curvatures of the curves a and [ respectively; and
dFys) R? — R? denote the differential of F at a(s).

Proof. Let {tqo(s),na(s)}, {tg(s),ng(s)} be the Frenet-Serret frames of the curves a and S
respectively.
Since F' is an isometry, then

tﬂ(s) = dFa(s) (ta(s)) ’ (37)
nﬂ(s) = dFa(s) (na(s)) ’ (38)
ka(s) = als). (39)

where kg(s) and k,(s) denote the integer curvature of the curves o and [ respectively.
Furthermore, we have

cDra(s) = a(s)tals) + b (s)na(s),
D) = ANs)tsls) + BAna(s).

Since F' is an isometry, there exist a translation 7}, and an orthogonal transformation C', such
that

F=T,0C. (40)
By , we have
Bls) = (Tpoa)(s)=(TpoC)(als)),
= p+C(a(s)) =p+C(z(s)er +y(s)e2)

= p+a(s)Cler) +y(s)C(e2).

Then, we find the Caputo derivative

DY) = D)+ (“Dals)) Cler) + (“D(s) ) Clea)

= C (CD’\x(s)el + CD’\y(s)eg) =C (CD’\a(s)) .
Hence “D*B(s) = C (“D*a(s)) = dF,,) (“D*a(s)) .
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Also, by and , we have

AN(s)tg(s) + BN(s)na(s) = "D B(s) = dFy(s) (@) (5)tals) + b (s)na(s))
= 0 (8)dFy(s) (ta(s)) + b (5)dFa(s) (na(s))
= a*s)ta(s) + b (s)np(s).

Then

AMs) = aMs), Vsela,b],
BMs) = bMs), Vse€l[a,b].

Therefore, we get

K (s) = AN(s)k(s) + % (BA(S)) = a™(8)ka(s) + d% <bA(s)) = kNs), Vs € [a,b].

O
Next, we will obtain the results for a regular curve with arbitrary parameter r.

Let a: [c,d] C R — R? a regular curve with arbitrary parameter r, {t(r),n(r)} the Frenet-
Serret frame of « at r, where

L) @0y (V0.e)
= el = el " T T e e (4D

Furthermore, we have

t'(r) = o (r)lk(r)n(r), (42)
n'(r) = —[la/(r)[[k(r)t(r), (43)
where " (r)y/(r) + /(1) (r)
k(r) = (44)
lo(r) 112
is the integer curvature of « at r.
Therefore
D a(r) = a*(r)t(r) + b (r)n(r), Vr e [ed). (45)
By , we have the following result.
Theorem 11. Let a: [¢,d] C R — R? a reqular curve with arbitrary parameter v. Then:
lima*(r) = [o'(r)ll, ¥reled], (46)
A—1
lim bMr) = 0, Vr€led. (47)
A—=1
Proof. The proof is immediate. O
Finding the integer derivative in (45):
4 (cD*a(r) = 4 () 1) + @) (r) + 4 (8*() n(r) + LX) (). (48)
dr dr dr
Using the equalities and in , we get
i c A _ i A A / A / i A
= (“D*a(n) = [ = (@) =P @@k 1) + | @) @) k) + 2 (80)) | n(r).
(49)
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From (49), we define the function k7 : [¢,d] — R, by

d

B 1) = a0l ()|k(r) + — (') - (50)

From , we have
@Oﬁzﬁ%(qya&D,Mﬂ% v € [e,d]

Theorem 12. Let o : [c,d] C R — R? a reqular curve with arbitrary parameter r. Then:

k(r) = lim k:{‘(r)

I TR Vr € [e,d]. (51)

Proof. By , we have

B = 0o/ DIk + 5 (1))

Then, finding the limit

i 120) = (i a0 ) Bl + Ji (5 (#0) ).

A—1 T

By ([@6) and (7)), we get
—

Therefore:

r) = lim k:f‘(r) T c
KO = e Y e e

From we have the next definition.

Definition 5. Let o : [¢,d] C R — R? be a regular curve with arbitrary parameter r, ¢D*o(r)
the fractional derivative vector of order A. The Fractional Curvature of order A of the curve «
at point r, is given by:

ki)\(’l“) _ ki‘(?“)

= Twmp Treled (52)

Theorem 13. Let o : [c,d] C R — R? be a regular curve with arbitrary parameter v. Then

A r)= 7a>\(7‘) r 71 i A r T C
R0 = ) e ar (70 Vreled o3

Proof. By and definition |5} we have

k() _ a )]/ (0)]k(r) + 4 (1(r)

A )= = T C .
S FUETE ()2  reled
Then
A )= 70/\(71) T 71 i A T T C
0= O+ g (0) 7 eled
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Note that if the curve is parameterized by arc length, then coincides with .

Theorem 14. Let o : [c,d] C R — R? a regular curve with arbitrary parameter r, D a(r) =
a*(r)t(r) + b N(r)n(r) the fractional derivative vector. Then

1
llo?(r)I”

(
1
(r

) = |7 Da() +y () Dy(r)|
() Dy(r) (1) Da(r)]

(54)

S
>
—~
=
~—
Il

ik (55)

Proof. We have a(r) = (x(r),y(r)) and o/(r) = (2/(r),y'(r)). Then the Frenet-Serret frame in
arbitrary parameter r is {¢(r),n(r)}, where

) O/(T) oy — [ y'(r) ' (r)
0= 0= (oo o)

Jle? (7]

Furthermore:
CD)‘04(7“) = (CD’\x(r),CD)‘y(r :a)‘(r)t(r)—&-b’\(r)n(r)

)
o (E0 A0 Y e () )
= o) (na'(mu’ Ha’(r)H) ) ( T ()] Ho/(r)u) ' (56)

From , we get the system

{ () )~y () = D))l (r)] )
YA ) + 2 () = Dyn)lla/(r)]

The determinant of the system is:
a'(r) =y (r)
y'(r)  2'(r)

Therefore, the system has a unique solution:

= HO/(T)Hz #0, Vreled.

)= [Pt +y D]
W (r) = [az/(r)cD)‘y(T) - y/(T)CDAUm:(T)} Ha/}r)H

4 Applications

In this section we present some examples where the fractional curvature of plane curves with
arbitrary parameter r is calculated; and it is observed that the results give a better approximation
to the integer curvature, when compared to the fractional curvature of [Yajima et al. (2018),
theorem 3.3, which is given by

Example. Consider the parameterized curve a(r) = (r, %) = (z(r),y(r)), VreR.
The integer curvature is given by

A

[)\ /0 ' \/:mdr]l k(r). (58)

>l=

1

k(r) = m

166



F. RUBIO LOPEZ, O. RUBIO: A NEW FRACTIONAL CURVATURE OF CURVES USING...

By , the fractional curvature of order A, 0 < A < 1, given in this paper is

2\ — )\2)(r1_’\ + 7‘3_)‘)
[(3—X)(1+7r2)5/2

EAr) = (

Figure [1| shows the graph of k*(r) for different values of A : 0.7, 0.8, 0.9, 1.0. As seen in
Figure |1, as A approaches to 1, the graph of the function k*(r) approaches the graph of the
integer curvature k(r).

Fractional Curvature

Figure 1: Graph of fractional curvature for different values of A

The fractional curvature of Yajima et al., is given by

>l=

1-2 _ + 1=
JARY) (r) = A (1{£(f2)3/>;)} B {r\/m%— log(r +v1+ TQ)}] . (61)

Table [1f shows the results of evaluating the curvatures k(r), k*(r), k™ (r), and the errors
EMNr) = ||k(r) = KM@, EV(r) = ||k(r) — EX) ()|, for A = 0.9, at different points of the
interval [0, 5].

As seen in table [1} the error E*(r) is less than the error EM (r); which indicates that the
fractional curvature given in this paper gives a better approximation to the entire curvature
than that provided by Yajima et al.
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Table 1: Comparison between the fractional curvature k*(r) and the fractional curvature k™ (r)
of Yajima et al. (2018) for A = 0.9

r E(r) kA (r) kX (1) EMNr) EM(r)
0.0505 0.9962 0.6992 1.4937 0.2970 0.4975
0.1010 0.9849 0.7408 1.3671 0.2440 0.3822
0.1515 0.9665 0.7571 1.2822 0.2094 0.3157
0.2020 0.9418 0.7592 1.2096 0.1825 0.2679
0.2525 0.9114 0.7514 1.1415 0.1601 0.2301
0.3030 0.8765 0.7359 1.0753 0.1406 0.1987
0.3535 0.8381 0.7145 1.0100 0.1235 0.1720
0.4040 0.7971 0.6887 0.9458 0.1084 0.1488
0.4545 0.7545 0.6596 0.8830 0.0984 0.1285
0.5051 0.7112 0.6284 0.8220 0.0828 0.1108
0.5556 0.6680 0.5959 0.7633 0.0721 0.0953

Example. Consider the circumference a(r) = (cos(r), sin(r)), Vr € [0,2x]. The integer
curvature is given by

k(r)

vr € [0, 27].

The fractional curvature k(1) of order A , 0 < A < 1, is given by

where

+oo
Sir) =2,
k=0

k‘)‘(r) = —sin(r)Sy(r) — cos(r)Sy(r),

kT2k+1_)‘

(=1)
L(2k+2-X)’

—+00

(—1)k+1y2k42-2

So(r) =Y
k

=0

T(2k+3—A)

Figure [2| shows the graph of k*(r) for different values of A : 0.7, 0.8, 0.9, 1.0. As seen in
Figure [2| as A approaches to 1, the graph of the function k’\(r) approaches the graph of the
integer curvature k(r).

1.4

13

1

1171

09

Fractional Curvature

08 [

0.7 [

06 [

0.5

Figure 2: Graph of k*(r), for different values of A
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The fractional curvature of Yajima et al., is given by
Y = \173{D(2 — A)}R R,

Table [2| shows the results of evaluating the curvatures k(r), k*(r), k™ (r), and the errors
EMNr) = ||k(r) — KM@, EXD(r) = |k(r) — KN ()], for A = 0.95, at different points of the
interval [0, 5].

As seen in table 2| the error, the error E*(r) is less than the error EM (r); which indicates
that the fractional curvature given in this paper gives a better approximation to the entire
curvature than that provided by Yajima et al.

Table 2: Comparison between the fractional curvature k*(r) and the fractional curvature k™ (r)
of Yajima et al. (2018) for A = 0.95

r k(r) kA (1) kX (1) EMr) EM(r)
0.1020 1.0000 0.8706 1.1602 0.1294 0.1602
0.2041 1.0000 0.9012 1.1186 0.0988 0.1186
0.3061 1.0000 0.9194 1.0950 0.0806 0.0950
0.4082 1.0000 0.9325 1.0785 0.0675 0.0785
0.5102 1.0000 0.9426 1.0659 0.0574 0.0659
0.6122 1.0000 0.9508 1.0557 0.0492 0.0557
0.7143 1.0000 0.9576 1.0472 0.0424 0.0472
0.8163 1.0000 0.9634 1.0399 0.0366 0.0399
0.9184 1.0000 0.9684 1.0335 0.0316 0.0335
1.0204 1.0000 0.9728 1.0277 0.0272 0.0277
1.1224 1.0000 0.9766 1.0226 0.0234 0.0226

Example. Consider the parameterized curve

a(r) = <'r, 7;’) = (z(r),y(r)), Vre<0,+o0>.

The integer curvature is given by

2r
k(r) = m.

The fractional curvature k(1) of order A , 0 < A < 1, is given by

kA(r)::(Tz_A—kTG_A)———£21——f
(]_ + 7,14)5/2’

where

A—1  23-N)
T2—N  T@—x)

cr =

Figure [3| shows the graph of k*(r) for different values of A : 0.7, 0.8, 0.9, 1.0.
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1.2

Fractional Curvature

Figure 3: Graph of k*(r), for different values of A

Table [3] shows the fractional curvature for different values of A : 0.7, 0.8, 0.96 and 1.00; at
different points of the interval [0, 5].

Table 3: Fractional curvature for different .

r k(r) E0-95 () KO8 (r) K07 (r)
0.1020 0.2040 0.1792 0.1032 0.0710
0.2041 0.4071 0.3676 0.2366 0.1744
0.3061 0.6043 0.5546 0.3809 0.2923
0.4082 0.7835 0.7274 0.5231 0.4132
0.5102 0.9248 0.8663 0.6456 0.5215
0.6122 1.0053 0.9486 0.7279 0.5987
0.7143 1.0097 0.9586 0.7539 0.6298
0.8163 0.9408 0.8980 0.7215 0.6108
0.9184 0.8204 0.7868 0.6442 0.5518
1.0204 0.6783 0.6532 0.5439 0.4708
1.1224 0.5394 0.5215 0.4409 0.3853
1.2245 0.4183 0.4058 0.3479 0.3067
1.3265 0.3200 0.3114 0.2704 0.2403
1.4286 0.2434 0.2376 0.2088 0.1869
1.5306 0.1852 0.1813 0.1611 0.1452
1.6327 0.1415 0.1389 0.1247 0.1131
1.7347 0.1088 0.1070 0.0970 0.0886
1.8367 0.0843 0.0831 0.0761 0.0698
1.9388 0.0659 0.0651 0.0601 0.0555
2.0408 0.0519 0.0514 0.0478 0.0444
2.1429 0.0413 0.0410 0.0384 0.0358
2.2449 0.0331 0.0329 0.0311 0.0291

4.1 Example of a block moving alon a parabolic arc

This example is motivated by |Lapidus (1984) paper, and it will be shown that the magnitude of
the total velocity of a block moving along a parabolic arc depends on the fractional curvature
of the trajectory.
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Consider the motion of a block of mass m moving on the parabolic arc y = %2, 0.1 <z <3
The block starts from rest at the point x = 3 and moves along the parabolic arc, acting on it
the gravity g and the kinetic sliding friction pu.

1.00+ Y=
0.75+
0.50+ _—

0.25—+

0.5 1.0 15

Figure 4: Displacement path
The trajectory is parameterized by a(r) = (7‘, %) = (z(r),y(r)), r € [0.1,3].
The equations of motion, Lapidus| (1984), are of the form:

mi = —Nsinf+ fcosb,
miy = mg+ Ncosf+ fsinf,

where
e 0 is the angle with the horizontal,
o f==+uN,
e 1 is the coefficient of kinetic friction.

The sign of f is the opposite of the direction of motion of the block.
By integrating we obtain

ln<1—|—v$> :2ln<cosj>j:2u(0—00),

g cos 6y

where
e (g is the initial angle of the block,
e V. is the horizontal velocity of the block.

The total velocity is given by
V =V, cos6.

In addition, as the derivitative
Y () = x = tan,

the integer curvature of «, is
k = cos® 6.
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Therefore, the horizontal velocity as a function of the integer curvature is given by

vo— e [(:) 2/3 eQ,u(arccos(k%>—arccos(ko%)) - 1]7

0

and the magnitude of the total velocity in terms of the integer curvature is given by

|2

Using the fractional curvature given at this paper , the horizontal velocity as a function
of the fractional curvature of order A, is given by

Vir=.l9g [<k>\)2/3 eQu(arccos((kAf%)—arccos((ké)%)) 1

and the magnitude of the total fractional Velocity of order A, is given by

A Vz,)\
RO

In this example we consider p = 0.2,g = 9.8, and using a partition with 30 points in the
interval [0.1; 3], the data in Table 4] are obtained for different values of A : 0.7,0.8,0.9 y 1.0.

The r; values denote the partition points, which are sorted in descending order to be able to
analyze the results.

Thus, for k%7 = 0.0343, k% = 0.0343, k%9 = 0.0334 and k0 = 0.0316, the fractional total
velocity and integer total velocity are identically zero; this indicates that the block is at rest.

Furthermore, it is observed that k%7 and k%% grow to 0.4776 and 0.6018 respectively, and
V07 and V8 grow to 6.9385 and 7.3801respectively, and k%7 and k%® decrease to 0.3851 and
0.5416 respectively, and also V?7 amd V8 decrease to 6.5601 and 7.1526 respectively.

Finally, k%9 grow to 0.7594 and decrease to 0.7403, V% grow to 7.7811 and decrease to
7.7426.

It is observed that these decreases in the values occur near the left end of the interval, as
shown in Table 4l

Table 4: Total Fractional Velocity for different values of the fractional curvature of order A

r; k’O'7 VO.? k0'8 VO.S k0.9 VO.Q kl.O —k Vl.O =V
3.0000 0.0343 0 0.0343 0 0.0334 0 0.0316 0
2.9000 0.0372 1.0441 0.0373 1.0658 0.0365 1.0907  0.0346 1.1189
2.8000  0.0404 1.4924  0.0407  1.5238  0.0399  1.5598  0.0380 1.6005
2.7000 0.0440 1.8479 0.0445 1.8872 0.0438 1.9324 0.0419 1.9834
2.6000 0.0481  2.1578  0.0488  2.2045 0.0482  2.2579  0.0463 2.3183
2.5000 0.0526 2.4405 0.0536 2.4941 0.0531 2.5554 0.0512 2.6247
2.4000  0.05677 27053  0.0591  2.7657  0.0587  2.8348  0.0569 2.9127
2.3000 0.0635 2.9579 0.0652 3.0251 0.0652 3.1019 0.0634 3.1884
2.2000  0.0700  3.2019  0.0v23  3.2761  0.0725  3.3607  0.0709 3.4560
2.1000 0.0774  3.4400  0.0803 3.5213 0.0810  3.6140 0.0795 3.7183
2.0000 0.0859 3.6741 0.0895 3.7629 0.0907  3.8638 0.0894 3.9774
1.9000 0.0955 3.9056 0.1001 4.0021 0.1019  4.1119 0.1010 4.2352
1.8000 0.1066 4.1356 0.1122 4.2404 0.1149 4.3594 0.1145 4.4929
1.7000  0.1192  4.3650  0.1263  4.4785  0.1300 4.6073  0.1303 4.7517
1.6000 0.1337 4.5942 0.1425 4.7172 0.1476 4.8564 0.1489 5.0125
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1.5000  0.1503  4.8237  0.1613  4.9568  0.1681  5.1072  0.1707 5.2757
1.4000  0.1694  5.0533  0.1830  5.1974  0.1921  5.3598  0.1964 5.5418
1.3000  0.1913  5.2828  0.2081  5.4387  0.2201  5.6143  0.2267 5.8107
1.2000  0.2161  5.5113  0.2371  5.6802  0.2528  5.8699  0.2624 6.0820
1.1000  0.2443  5.7375  0.2703  5.9205 0.2907  6.1257  0.3044 6.3548
1.0000  0.2v58  5.9592  0.3081  6.1577  0.3345  6.3797  0.3536 6.6273
0.9000 0.3103 6.1734 0.3503  6.3890 0.3844  6.6294  0.4107 6.8970
0.8000  0.3473  6.3759  0.3968  6.6105  0.4405 6.8709  0.4761 7.1600
0.7000  0.3853  6.5611  0.4461  6.8170  0.5019  7.0991  0.5498 7.4112
0.6000 0.4219 6.7215 0.4960 7.0016  0.5668  7.3077  0.6305 7.6439
0.5000  0.4533  6.8475  0.5427  7.1561  0.6316  7.4891  0.7155 7.8499
0.4000 0.4743  6.9262 0.5806  7.2702  0.6909  7.6347  0.8004 8.0197
0.3000 0.4776  6.9385  0.6018  7.3301  0.7370  7.7358  0.8787 8.1434
0.2000 0.4538 6.8493 0.5954  7.3124  0.7594  7.7811  0.9429 8.2117
0.1000  0.3851  6.5601  0.5416  7.1526  0.7403  7.7426  0.9852 8.2175

Using the data from Table [4] the total fractional and integer velocity is plotted as a function
of the fractional and integer curvature of the trajectory for different values of A : 0.7,0.8,0.9 and
1.0.
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Figure 5: Fractional Total Velocity vs Fractional Curvature

Figure (a) shows the behavior of the integer total velocity as a function of the integer
curvature of the trajectory. Figures[5|b), [5fc) and [f|(d) show the behavior of the total fractional
velocity as a function of the fractional curvature of the trajectory; and it is observed that when
A is close to 1, the curve approaches the integer case.

5 Conclusions

In this paper a new definition of Fractional Curvature of plane curves was introduced, using
Caputo’s fractional derivative of order A (0 < A < 1). The importance of our study lies in the
analysis of the geometrical properties of the curve from the point of view of fractional calculus;
thus it has been proved that the fractional curvature belongs to the intrinsic geometry of the
curve; since it is invariant under isometries. The 1-dimensional Euclidean spaces were also
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characterized as those curves whose fractional curvature of order X is zero at all its points for
all A\. In addition, an example showed the relationship between the velocity of a body moving
on a parabolic arc, and the fractional curvature of the parabolic arc.

References

Atanackovic, T.M., Stankovic, B. (2002). Dynamics of a viscoelastic rod of fractional derivative
type. ZAMM, 82, 377-386.

Aydin, M.E., Bektas, M., Ogrenmis,A.O. & Yokus, A. (2021). Differential geometry of curves
in Euclidean 3-space with fractional order. IEJG, 14, 132-144.

Aydin, M.E., Mihai, A. & Yokus, A. (2021). Applications of fractional calculus in equiaffine
geometry: Plane curves with fractional order. Math. Meth. Appl. Sci., 1-11.

Bagley, R.L., Torvik, P.J. (1983). A theoretical basis for the application of fractional calculus
to viscoelasticity. J. Rheol., 27, 201-210.

Balankin, A., Elizarrataz, B. (2012). Hydrodynamics of fractal continuum flow. Phys. Rev., 85,
025302.

Beyer, H., Kempfle, S. (1995). Definition of physically consistent damping laws with fractional
derivatives. ZAMM, 75, 623-635.

Bonilla, B., Kilbas, A.A. & Trujillo, J.J. (2003). Cdlculo fraccionario y ecuaciones diferenciales
fraccionarias. UNED Ediciones, Ma-drid.

Calcagni, G. (2012). Geometry of Fractional Spaces. Adv. Theor. Math. Phys., 16, 549-644.

Caputo, M. (1967). Linear models of dissipation whose Q is almost frequency independent-II.
Geophys. J.R. Astr. Soc., 13, 529-539.

Cottrill-Shepherd, K., Naber, M. (2001). Fractional Differential Forms. J. Math. Phys., 42,
2203-2212.

Do Carmo, M. (1976). Differential Geometry of Curves and Surfaces. Prentice-Hall, Englewood
Cliffs.

Dokuyucu, M.A., Celik, E., Bulut, H. & Baskonus, H.M. (2018). Cancer treatment model with
the Caputo-Fabrizio fractional derivative. Fur. Phys. J. Plus., 133, 92.

Drapaca, C.S., Sivaloganathan, S. (2012). A fractional model of continuum mechanics. J. Elast.,
107, 107-123.

Gozutok, U., Coban, H.A. & Sagiroglu, Y. (2019). Frenet frame with respect to conformable
derivative. Filomat, 33, 1541-1550.

Grigorenko, I., Grigorenko, E. (2003). Chaotic dynamics of the fractional Lorenz system. Phys.
Rev. Lett., 91, 034101.

Jumarie, G. (2013). Riemann-Christoffel Tensor in Differential Geometry of Fractional Order
Application to Fractal Space-Time. Fractals, 21, 27.

Koeller, R.C. (1984). Applications of fractional calculus to the theory of viscoelasticity. J. Appl.
Mech., 51, 299-307.

Lapidus, L.R. (1984). Motion of a harmonic oscillator with variable sliding friction. American
Journal of Physics, 52, 1015.

174



F. RUBIO LOPEZ, O. RUBIO: A NEW FRACTIONAL CURVATURE OF CURVES USING...

Lazopoulos, K.A.& Lazopoulos, A.K. (2016). Fractional differential geometry of curves & sur-
faces. Progr. Fract.. Differ. Appl., 2, 169-186.

Manafian, J., Allahverdiyera, N. (2021). An analytical analysis to solve the fractional differential
equations. Advanced Mathematical Models € Applications, 6(2), 128-161.

Tenenblat, K. (2008). Introducao a Geometria Diferencial. 2da ed. Editora Edgar Blucher Ltda.

Veeresha, P., Prakasha, D.G. & Baskonus, H.M. (2019). New numerical surfaces to the math-
ematical model of cancer chemotherapy effect in Caputo fractional derivatives. Chaos, 29,
013119.

Yajima, T., Oiwa, S. & Yamasaki, K. (2018). Geometry of curves with fractional-order tangent
vector and Frenet-Serret formulas. Fract. Calc. Appl. Anal., 21, 1493-1505.

Yajima, T., Yamasaki, K. (2012). Geometry of surfaces with Caputo fractional derivatives and
applications to incompressible two-dimensional flows. J. Phys. A: Math. Theor., 45, 065201.

Yajima, T., Nagahama, H. (2018). Geometric structures of fractional dynamical systems in non-
Riemannian space: Applications to mechanical and electromechanical systems. Ann. Phys.,
530, 1700391.

Yajima, T., Nagahama, H. (2010). Differential geometry of viscoelastic models with fractional-
order derivatives. J. Phys. A: Math. Theor., 43, 385207.

Yusubov, Sh.Sh. (2020). Boundary value problems for hyperbolic equations with Caputo Frac-
tional derivative. Advances Mathematical Model & Applications, 5(2), 192-204.

175



	Introduction
	Preliminaries 
	Plane curves
	Caputo Fractional Derivative

	Fractional Curvature
	Applications
	 Example of a block moving alon a parabolic arc

	Conclusions

